The upwelling atmospheric radiation in the millimeter wave spectral range is in uenced by the presence of cirrus clouds. A plane parallel radiative transfer model which can take into account the e ect of multiple scattering by ice particles in the cirrus has been developed and is used to simulate the brightness temperatures as they would be measured by a satellite instrument. The model uses an iterative procedure to solve the radiative transfer equation. The formulation of the model is such that it can easily be adapted to treat the full speciÿc intensity vector instead of just the scalar total intensity. A convergence test for the model is explained and two cirrus cloud scenarios are simulated. The results illustrate the linearity of microwave radiative transfer for not too strong cirrus clouds in this frequency region. ?
Introduction
Satellite remote sensing data are extensively used by the numerical weather prediction community for global measurements of geophysical parameters. Recently, the mm channels on AMSU-B [1] , SSMT-2 [2] , etc. are providing global data on the distribution of humidity in the upper troposphere which is currently one of the largest uncertainties. However, in cloudy areas these data are in uenced by the presence of cirrus clouds, which have distinct radiative transfer properties compared to other cloud types. Our goal is to eventually improve the utilization of these data by better quantifying the cirrus cloud impact. The radiative transfer (RT) model development is the ÿrst essential step towards this goal.
Another important motivation for our work is the recently proposed ESA opportunity mission cloud ice water submillimeter wave imaging radiometer (CIWISR). CIWSIR is mainly based on the study of Miao et al. [3] and Evans et al. [4] in which they have discussed the rationale for adopting sub-mm wave channels for retrieving cirrus cloud ice water path (IWP) and characteristic particle size. As the water vapor absorption is relatively strong in the sub-mm frequency range, the lower atmosphere is opaque so that the e ect of surface and lower clouds on the upwelling radiation can be negligible. Moreover, at these frequencies ice particles are weak absorbers, which makes the physical temperature of the cirrus clouds unimportant. As a ÿrst application of our new model we try to simulate the e ect of cirrus IWP at the CIWSIR frequencies.
We are aware of the fact that there has already been a lot of work done in the area of RT models with scattering. For example, Evans et al. [5] have developed a numerical model that solves the polarized radiative transfer equation for a plane parallel vertically inhomogenous scattering atmosphere. In this model the solution method for the multiple scattering aspect of the problem is doubling and adding. Another example is the model described by Czekala et al. [6] where they have implemented a successive order of scattering method for non-spherical particles in a plane parallel atmosphere. However, developing a new model from scratch makes it easier to make modiÿcations and extensions to suit the requirements. The RT model discussed here now calculates only the ÿrst component of the Stokes vector for a plane parallel atmosphere. But the model is formulated in such a way that extending it for other Stokes parameters and geometries is rather easy. The RT model can handle the scattering properties of a homogenous cirrus cloud in a plane parallel atmosphere using an iterative approach to solve the radiative transfer equation.
The article is organized as follows. The vector radiative transfer equation is discussed in Section 2. Our approach to solve this equation for scalar case and clear sky case is explained. The simulation set up for the study including observation frequencies, reference atmosphere, cloud assumptions and single scattering properties are explained in Section 3. Results and discussions for clear sky cases and cloudy cases are in Section 4. Here the validity of the plane parallel and linear approximations are tested by comparing with a spherical model for the clear sky condition and another test is done for validating the convergence of the model. Concluding remarks are presented in Section 5.
The RT equation

The general vector form
The general RT equation for an atmosphere taking into account extinction, emission and scattering is [7] 
where I(n) is the four component speciÿc intensity vector of multiply scattered radiation propagating in the direction n. The ÿrst component of this vector, I gives the total intensity, the second component Q and the third component U give the measure of linear polarization and the fourth component V gives the measure of circular polarization. The pathlength element measured in the direction n is ds. The extinction of radiation is described by the 4 × 4 extinction coe cient matrix K(n) which includes the extinction due to gas and particles:
K p (n) and K g (n) are the extinction coe cients for particle and gas, respectively. From Lambert's law, extinction process must be proportional to the amount of matter [8] which gives
where n p is the particle number density and L p (n) is the extinction cross-section matrix. Here, K p (n) has the dimension of 1=length and L p (n) has the dimension of area. The gaseous extinction coe cient is calculated according to
where n g i is the number density of the ith gaseous species and L g i (n) is the extinction cross-section of the ith gaseous species.
The second term in Eq. (1) is the thermal source term where a(n) is the absorption coe cient vector and B(T ) is the Planck function at temperature T . The particle absorption as well as gaseous absorption is included in a(n) which can be represented as
The particle absorption coe cient is expressed as
where b p (n) is the absorption cross-section vector of the particles. Similarly for the gaseous absorption coe cient,
is the absorption cross-section of the ith gaseous species. The last term in Eq. (1) is the scattering source term. It describes the contribution of radiation illuminating a small volume element from all directions n and scattered into the direction n. We decided to call Y(n; n ) the scattering e ciency matrix. It can be expressed in terms of the well-known phase matrix Z(n; n ) as Y(n; n ) = n p Z(n; n ):
The phase matrix gives the e ciency of scattering between directions n and n . (The name is historic and has nothing to do with the phase of an electromagnetic wave.) In the work presented here, Eq. (1) is solved iteratively in a plane parallel atmosphere for the scalar case, i.e., only for the ÿrst component of the speciÿc intensity vector. The plane parallel approximation holds when the radius of curvature is much larger than the thickness of the layer. Also keeping in mind that solving this equation for I(n) may cause computational di culties as it involves the exponential of a matrix, a linear approximation is considered assuming optically thin layers. The advantage of this approach is that it is conceptually simple but fully general and can be extended easily for the full vector equation.
The scalar case
Assuming that all cloud ice particles are spherical in shape and that the incident radiation is unpolarized, the radiative transfer equation for total intensity is written as
Here K 11 (n) is the (1,1) element of the extinction coe cient matrix K(n):
where is the wavelength. S 11 (n) and S 22 (n) are the elements of the forward scattering amplitude matrix and are calculated using the T -matrix algorithm of Mishchenko [9] . For the gaseous extinction,
a 1 (n) in the second term is the ÿrst element of the absorption coe cient vector:
Since gaseous absorption is equal to gaseous extinction,
The particle absorption coe cient a p 1 (n) can be expressed as a
is the absorption cross-section of the particles and is calculated as
Z 11 (n; n ) is the (1,1) element of the phase matrix. Z 11 (n; n ) is also computed using the T -matrix algorithm by Mishchenko [9] .
Our approach is to solve Eq. (1) iteratively with a ÿrst guess radiation ÿeld. This ÿeld can either be the clear sky radiation ÿeld or the extinction and thermal source (ETS) ÿeld. By ETS ÿeld we mean the radiation ÿeld generated by the ÿrst two terms of Eq. (1).
Assuming local thermodynamic equilibrium, an analytical solution to Eq. (2) for homogenous layers in the absence of the scattering integral is
where the opacities ext and abs are deÿned by
where Â is the viewing angle and i denotes the level. The factor 1=cos(Â) follows from the plane parallel geometry. By homogenous layers we mean that each layer has a representative extinction coe cient, absorption coe cient and temperature. The representative value of each parameter is calculated by taking the mean of the values at adjacent levels. When considering the clear sky case, ext = abs = .
Assuming optically thin layers, a linear approximation to Eq. (3) is written as
which can be solved by traversing the atmosphere layer by layer in the direction of propagation starting with appropriate boundary conditions. In order for the linear approximation to be valid each layer should be optically thin which is not always the case. Opacity can take large values if the pathlength is large as it is the case when Â is close to 90
• . Here an opacity limit is deÿned for which the linear approximation is valid within the required accuracy. If the opacity of a layer is higher than this limiting value, the layer is divided further into sub-layers until the opacity is below the limiting value. For Â¡90
• , the iteration starts with the intensity array initialized with the cosmic background radiation, corresponding to a brightness temperature of 2:735 K. The iteration is performed from one layer to the next storing the intensity value for each Â. Upon reaching a layer where clouds are included, extinction as well as emission due to particles are also taken into account. At the ground, the e ect of ground re ection is modeled as
where is the ground emissivity, I 0; Â is the intensity after re ection, I 0; Â is the intensity before re ection and T G is the ground temperature. After re ection, the radiation is propagated along the angle Â = 180
• − Â and the intensity values are stored for Â . Once the iteration is completed the intensity reaching a point from all directions is obtained. This is essential for the evaluation of the scattering integral. The scattering source term which is computed using this radiation ÿeld as the ÿrst guess ÿeld is used to integrate the full RT equation. The resulting radiation ÿeld is used to generate a new radiation ÿeld and the iteration is repeated until the solution converges.
Simulation setup
Observation frequencies
The study is done for three conditions of the atmosphere, the clear sky and two cloudy sky scenarios. For the clear sky case, the frequencies considered are 182, 60 and 90 GHz which have distinctly di erent features as far as gaseous absorption is concerned. The frequency 182 GHz is at the wing of a strong water vapor absorption line leading to high absorption in the troposphere. The frequency 60 GHz is inside a strong oxygen band and has absorption even at stratospheric levels, and 90 GHz is a window channel which has signiÿcant contribution from the surface.
In the case where the e ect of clouds is to be taken into account, the frequencies considered are those chosen for the proposed CIWSIR sensor. The CIWSIR channels are 183:31 
Reference atmosphere and absorption calculation
The atmospheric scenario studied is mid-latitude winter [10] and the species considered are water vapor, oxygen and nitrogen. The gaseous absorption coe cients are calculated using the RT model ARTS [11] . The absorption coe cients are calculated according to Rosenkranz [12] for water vapor, Rosenkranz [13] for oxygen and Rosenkranz [13] for nitrogen. A recent comparison with the CIMSS-MWLBL model [14] , which was used as reference model for ITWG RT model intercomparison [15] , shows that the brightness temperatures simulated by ARTS agree with this model with a standard deviation of 0.05 and 0:02 K for 54:4 GHz (AMSU-06) and 57:290344 ± 0:217 GHz (AMSU-10), respectively, and 0:15 K for 57:290344 ± 0:3222 ± 0:0045 GHz (AMSU-14) and 0:16 K for 183:31 ± 1:0 GHz (AMSU-18). In the present study surface emissivity and temperature are set to 0.65 and 272 K, respectively.
Cloud assumptions
The e ect of one strong cirrus cloud and one rather weak cirrus cloud is investigated to explain the e ect of scattering. For the strong cirrus cloud, there are larger ice particles at higher temperatures whereas for the weak cirrus cloud there are smaller particles at much lower temperatures. The ice mass content (IMC) is also much larger in the strong cirrus compared to the weak one. According to classiÿcations of cirrus cloud, these two cases of strong and weak cirrus fall more or less under the category of warm and cold cirrus, respectively [16] . It is assumed that all ice crystals are spherical in shape with the same radius and that the cloud is homogenous in the horizontal as well as vertical. Although the assumption of mono-dispersed spherical particles is far from the realistic case, this study is more concerned with our approach to develop an RT model and it is reasonable to start with such a simple assumption. Nevertheless, the model can be extended to incorporate more realistic size-shape distributions of cirrus clouds.
In the case of strong cirrus, the radius of the spherical particles is taken as 100 m, and the IMC is 0:02 g=m 3 whereas they are 50 m and 0:003 g=m 3 , respectively, for the weak cirrus. Temperature of the ice particles are 250 and 223 K, respectively, for the strong and the weak cases. The scatter plots between IMC, temperature and median-mass diameter by Evans et al. [17] and the relation between temperature and e ective radius by Kinne et al. [18] for the FIRE-I campaign suggest that the values considered here can roughly represent cirrus cloud conditions. Since we have mono-dispersed spherical particles the median-mass diameter as well as e ective diameter is same as the diameter of the sphere. The strong cloud is 2:5 km thick with its base height at 7:75 km and the weak one is 1:5 km thick with its base height at 10:75 km. The bulk density of ice is taken to be 0:91 g=cm 3 .
Single scattering properties
The single scattering properties of ice particles are calculated using T-matrix code for non-spherical particles in a ÿxed orientation by Mishchenko [9] . Since the particles considered are assumed to be spherical, the single scattering properties are independent of the orientation. The results of this code completely agree with Mie theory in this frequency range. The program requires as input the equal volume sphere radius of the particle, the frequency under consideration and the corresponding refractive index of ice. The refractive indices as a function of temperature are calculated using the program provided by Warren [19] . The output of the T -matrix program gives the scattering amplitude matrices and the scattering e ciency matrices. The phase matrices and the cross-sections are calculated as in Section 2. The behavior of extinction, absorption and scattering cross-sections in this frequency range is shown in Fig. 1 . It is seen that for spherical ice particles with radius 50 m and temperature 223 K, the extinction is about one order of magnitude less than that for spheres with radius 100 m and temperature 250 K. For both these cases, the contribution of absorption to the extinction is very small compared to scattering for the frequencies under consideration.
Results and discussion
Clear sky case
In this section the radiation ÿeld inside the atmosphere simulated by the plane parallel model is compared with the spherical model ARTS at 182, 60 and 90 GHz. The plane parallel model also has a linear approximation to the solution of the radiative transfer equation. So this section is mainly to understand and compare the e ect of these two approximations. The radiances are transformed to equivalent brightness temperatures according to Planck's law. 2 shows the variation of brightness temperature along di erent viewing angles at 15 and 35 km simulated by the plane parallel model compared with ARTS at 182 GHz. As we look along shallower angles, optical depth being larger, saturation is reached at higher levels which explains the decrease in brightness temperature towards shallower angles. At 90
• the optical depth being inÿnite, saturation is reached at the same level so that what is seen is the Planck emission corresponding to the temperature of that layer. This explains the peak at 90
• at altitudes corresponding to stratospheric regions. This is a consequence of the plane parallel approximation whereas in the case of spherical geometry optical depth being ÿnite at 90 0 this peak is not seen. Fig. 3 describes the behavior of the same scenario at 60 GHz. As against 182 GHz, it is seen that at the lower altitude the radiation ÿeld is almost identical in all viewing directions. Going further upwards to the stratosphere, it is seen that the emission from top layers has decreased considerably which lowers the brightness temperature in the up-looking angles. Similar to the 182 GHz case, at 90
• the Planck emission corresponding to the temperature of the stratosphere is seen. Since 90 GHz is a window channel, it shows almost the same behavior at di erent altitudes. So it is decided to simulate the e ect of ground emissivity on the brightness temperature at this frequency. This is shown in Fig. 4 , where the e ect of di erent emissivity values on the radiation ÿeld at 90 GHz is compared. When the emissivity is 1, the e ect is predominantly from the ground emission, so that the brightness temperature stays constant at all viewing angles ¿ 90
• . When the emissivity is zero, the major contribution is from atmospheric emission. Hence towards shallower angles the brightness temperature increases as optical depth increases. When the emissivity is at an intermediate value it is seen that the e ect depends on the compensation between the extinction and emission terms in the transfer equation. 
Scattering convergence test
The scattering convergence test is for determining the consistency of the radiative transfer calculations done here. For this test, the cosmic background temperature is set to a hypothetical value of 300 K. The absorption coe cients for gases as well as for particles and the ground emissivity are set to zero. In such an atmospheric scenario, for the clear sky case, the calculation of the radiation ÿeld propagating in all directions should give the same value of 300 K at all altitudes of the atmosphere since there are no sources or sinks involved. The only factor which changes the ÿeld in a cloudy case is the scattering due to cloud particles. The physics of this problem suggests that after a considerable number of iterations the ÿeld should converge to the clear sky case. This is because scattering only does a redistribution of energy in di erent directions. Fig. 5 shows the convergence test for the strong cloud case. The solid line represents the clear sky case, the dashed one is the ÿrst guess ÿeld, the ETS ÿeld. The dotted lines are the ÿrst 30 iterations in an interval of ÿve. The case presented here is the worst case for the convergence (high IMC, single scattering albedo 1, high frequency). In all realistic simulations convergence was reached in less than 15 iterations.
The convergence was also successfully tested when the ÿrst guess ÿeld is set to an arbitrary value of 500 K in all directions. This suggests that it is not necessary that always the ÿrst guess ÿeld should be the ETS ÿeld, even clear sky ÿeld can be a suitable candidate. 
Cloud case
With the conÿdence gained from the clear sky comparison and the scattering convergence test, we proceed to the cloudy condition. As an illustration of the process the case of strong cirrus at 874 GHz is considered. Fig. 6 shows the angular variation of brightness temperature for the clear sky case and the cloudy case at di erent heights in the atmosphere. Fig. 6a is for the case below the cloud, Fig. 6b is for inside the cloud and Figs. 6c and d are for above the cloud. The clear sky ÿeld shown by solid line remains almost constant for the downlooking angles at all altitudes. In the up-looking case at lower altitudes emission from the top is seen whereas at higher altitudes only cosmic background is seen.
The dashed line represents the ETS ÿeld. Since scattering is many orders of magnitude higher than absorption for cloud particles, the ÿeld is a ected negligibly by cloud emission. The dotted line shows the scattered ÿeld computed by iterating Eq. (2) with the ETS ÿeld as the ÿrst guess ÿeld. The scattered ÿeld converges after about 15 iterations. For downlooking angles viewing from above the cloud (25 and 80 km) scattering decreases the brightness temperature compared to the clear sky case. For uplooking cases looking from below the cloud (4 km) scattering increases the brightness temperature. Of particular interest is the ÿeld inside the cloud at 6 km where we see how scattering actually does a redistribution of radiation by comparing the scattered ÿeld with the clear sky ÿeld. Another noticeable point is that the scattered ÿeld is closer to the clear sky ÿeld implying that an iteration procedure with the clear sky ÿeld as the ÿrst guess can yield the result with a fewer number of iterations. This is also attempted and is found that the same ÿeld is generated with six iterations. Since the resulting ÿeld is independent of the ÿrst guess ÿeld one can always try to ÿnd better choices for the initial guess ÿeld. The sub-mm channels located in the strong water vapor absorption region o er a number of advantages as far as ice clouds are concerned [20] . CIWSIR is aiming at exploiting the property of sub-mm channel that the brightness temperature depression is approximately proportional to the integrated ice mass. Using the information from the ratios of brightness temperature depressions at adjacent frequencies to determine the characteristic size of the ice particles, the measured brightness temperature can be converted to cirrus IWP [20] . Fig. 7 shows the upwelling radiance at the top of the atmosphere when looking nadir at di erent sub-mm wavelengths for the two cloud cases discussed above. Only the IMC is varied, all other parameters are kept the same. The horizontal axis shows the IWP. The vertical axis shows the radiance in units of Planck brightness temperature. The brightness temperature depression due to the presence of ice particles is closely related to the IWP. For a ÿxed IWP, there is a greater brightness temperature change for larger ice particles or higher measurement frequencies. Furthermore, over a large range of IWP and frequency the RT occurs in the linear regime, i.e., the brightness temperature depression is proportional to the IWP. Only at very high frequencies or high IWP does the behavior become non-linear.
Conclusions
We have tried to implement two approximations in this approach. One is a linear approximation of the exponential term in the radiative transfer equation and the other is plane parallel approximation for representing earth's geometry. Both these approximations are tested against a spherical model with exponential solution for the clear sky case. The linear approximation seems to yield good results if the limiting value is set for the optical depth and then split the layers until optical depth becomes smaller than the limiting value. With the plane parallel approximation of the atmosphere, our results indicate that a plane parallel atmosphere can give comparable results to the spherical atmosphere particularly in the troposphere. But at stratospheric altitudes there are problems close to 90
• viewing angles as expected.
For the cloudy case, before proceeding to a real cloud scenario the results of a convergence test are presented, which gives us conÿdence to continue working with the model. Since the test case represents one of the worst cases, it required around 30 iterations whereas in a realistic case only fewer iterations are required. Furthermore, a smart choice of the initial guess ÿeld can considerably accelerate convergence.
The e ect of scattering depends highly on the frequency of the radiation and on the particle size and shape. For the cirrus cloud cases those we have considered, the scattering and extinction cross-section increases with frequency. This explains why 874 GHz shows the highest brightness temperature change in both the cloud cases followed in order by 683, 463 and 325 GHz. The simulated brightness temperatures are mostly in the linear regime which makes them particularly suitable for getting information about IWP and particle size.
